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Abstract 
 
Numerical simulations of the small bubble-big bubble-liquid three phase heterogeneous flow 
in a square cross-sectioned bubble column were carried out with the commercial CFD 
package CFX-4.4 to explore the effect of superficial velocity and inlet dispersed phase 
fractions on the flow patterns. The approach of Krishna et al. (2000) was adopted in the 
Euler-Euler framework to numerically simulate the gas-liquid heterogeneous flow in bubble 
columns. On basis of an earlier study (Zhang et al. 2005), the extended multiphase k - ε 
turbulence model (Pfleger and Becker, 2001) was chosen to model the turbulent viscosity in 
the liquid phase and implicitly account for the bubble-induced turbulence. The obtained 
results suggest that, first of all, the extended multiphase k - ε turbulence model of Pfleger and 
Becker (2001) is capable of capturing the dynamics of the heterogeneous flow. With 
increasing superficial velocity, the dynamics of the flow, as well as the total gas hold-up 
increases. It is observed that with increasing inlet phase fraction of the big bubbles, the total 
gas holdup decreases while the dynamic nature of the flow increases, which indicates that the 
small bubble phase mainly determines the total gas holdup while the big bubble phase 
predominantly agitates the liquid. 
 
Keywords: Euler-Euler model; gas (small bubble)-gas (big bubble) - liquid flow; 
heterogeneous flow regime; extended multiphase k - ε turbulence model 
 
Introduction  
 
Bubble column reactors are widely used in chemical, petrochemical and biochemical 
processes.  Proper understanding of the fluid dynamics is essential to the optimum design and 
operation of such processes. Experimental investigations and numerical simulations are 
widely used to gain more knowledge and detailed physical understanding of complex gas-
liquid flow processes.  
Bubble columns can be operated in several regimes: at low superficial velocities, the bubbly 
flow or homogeneous flow regime prevails. In this regime, small, spherical and equally sized 
gas bubbles are distributed more or less uniformly over the columns’ cross section. At higher 
superficial velocities, a transition to the heterogeneous flow regime can be observed.  In this 
flow regime, a wide range of bubble diameters develops as a result of break - up and 
coalescence, thus leading to an inherently dynamic flow that is dominated by the larger 
bubbles. At even higher superficial velocities, the gas bubbles grow so large that they occupy 
the whole width of the column, resulting in an alternating passage of liquid phase and gas 
phase through the column, this regime is called the slug flow regime. In this study, only the 
heterogeneous flow regime will be considered. 
In the heterogeneous flow regime, the large bubbles rise through the column at high 
velocities (in the range of 1 -2 m/s) while the bubble size ranges from 20 to 70 mm (Krishna 
and Ellenberger, 1996). A schematic representation of the small bubble - big bubble - liquid 
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heterogeneous flow is given in Figure 1. Two strategies have been used in the literature to 
model the heterogeneous flow regime: one is according to Krishna et al. (1996, 2000) and 
Tomiyama (2002), in which, the gas phase is divided into two or more classes of bubbles. 
Each class of bubbles represents a distinct phase that interacts with the liquid. Interaction 
between bubbles and coalescence and breakup are not accounted for. Another approach is to 
model the gas-liquid flow with a multiple-size group (MUSIG) model, in which both the 
coalescence and breakup are accounted for by dedicated models. A major and critical 
assumption in the MUSIG model is that the different bubble size groups possess the same slip 
velocity. 
Turbulence modeling is one of the main unresolved problems in the simulation of gas-liquid 
two-phase flow. In the numerical simulation of the gas–liquid two-phase flow, zero equation 
turbulence models (Pan et al., 1999), the k - ε model (Becker et al., 1994; Pfleger and Becker, 
2001) and sub-grid scale (SGS) models (Deen et al., 2001; Milelli et al., 2001; Lakehal et al., 
2002) were extensively used. Through a thorough study of the k - ε and sub-grid scale (SGS) 
models used in the simulation of bubbly flow, Deen (2001) found that good agreement was 
obtained with the k - ε model in the simulation of the Becker case (Becker et al., 1994), while 
in the simulation of a three-dimensional bubble column, the SGS model produces a better 
solution. In a preliminary numerical study of gas (small bubble) –gas (big bubble) - liquid 
three phases flow, we found that when the model proposed by Sato and Sekoguchi (1975) 
was employed to account for the bubble induced turbulence in the SGS turbulence model, a 
very stable flow pattern was obtained, which contradicts experimental observations. In an 
earlier study (Zhang et al, 2005), it was observed that in the numerical simulation of gas – 
liquid two - phase flow, the results obtained from the extended multiphase k - ε turbulence 
model of Pfleger and Becker (2001) differ slightly from those obtained with the SGS 
turbulence model. Therefore, in this study, the extended multiphase k - ε turbulence model 
used by Pfleger and Becker (2001) is employed. 
A correct description of the closures for drag, lift and virtual mass forces is of great 
importance in numerical simulation of bubbly flows. At high gas hold-ups (i.e., αg >10%), it 
is desirable to introduce the effects of the gas hold-up on the interfacial force closures. In the  
 
 
 
Figure 1: Flow picture of heterogeneous gas-liquid flow in a bubble column. 
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work of Ishii and Zuber (1979), the derived expressions of the swarm bubble drag coefficient 
were formulated as the drag coefficient of individual bubbles multiplied with a phase fraction 
correction for each of the three flow regimes. This approach is similar to the corrections 
found in the work of Behzadi, Issa and Rusche (2004). Only Beyerlein et al. (1985) and 
Behzadi, Issa and Rusche (2004) investigated the influence of the gas hold-up on the lift 
coefficient. Based on our previous studies, it is found that in the simulation of bubbly flow at 
high superficial velocity, the swarm bubble drag coefficient according to Ishii and Zuber 
(1979) and the bubble swarm lift coefficient proposed by Behzadi, Issa and Rusche (2004) 
are preferable. So these two corrections were adopted as well in this work. 
This paper presents Euler-Euler three-dimensional dynamic simulations of small bubble-big 
bubble -liquid heterogeneous flow in a square cross-sectioned bubble column. The primary 
purpose of this study is to investigate the feasibility of the extended multiphase k - ε 
turbulence model proposed by Pfleger and Becker (2001) in the numerical simulation of 
small bubble–big bubble–liquid three-phase heterogeneous flow. Furthermore, we will 
investigate the effect of superficial velocity and the inlet phase fraction of the big bubbles on 
the flow field.  
 
Physical problem 
 
A schematic representation of the bubble column geometry studied in this work is shown in 
Figure 2. Air is used as the dispersed gas phase and homogeneously injected into quiescent 
water through the entire bottom plane of the column. The superficial gas velocity was varied 
from 4.5 to 7.0 cm/s. Water is used as the continuous liquid phase and fills the column to a  
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Figure 2: Schematic representation of the investigated bubble columns. 
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quiescent level of 0.90 m. The dispersed phase consists of small and big bubbles as illustrated 
in Figure 1. The small bubbles are ellipsoidal in shape as obtained from the Front Tracking 
computations reported by Dijkhuizen et. al. (2005) and have an equivalent diameter of 4 mm; 
the big bubbles fall into the spherical cap regime and the equivalent diameter is set to 20 mm. 
Break-up and coalescence are not accounted for and it is assumed that there is no direct 
interaction between the small and large bubbles. The column has the following dimensions: 
width (W) 0.15 m, depth (D) 0.15 m and height (H) 1.35 m. All the simulation parameters and 
physical properties are presented in Table 1. Numerical simulations were conducted with the 
commercial CFD package CFX-4.4 of AEA Technology, Harwell, UK.  
 
Governing equations  
 
The equations of the Euler-Euler formulation of the multiphase flow are derived by ensemble 
averaging the local instantaneous equations of single-phase flow (Drew, 1999). Three sets of 
balance equations for mass and momentum are obtained for all phases. Ignoring the 
interfacial mass transfer, the generic conservation equations for mass and momentum 
respectively take the following form: 
 
 ( ) ( ) 0k k k k kUt
α ρ α ρ∂ +∇ ⋅ =∂
G  (1) 
 
 ( ) ( )k k k k k k k k k k k k k k
U U U g p M
t
α ρ α ρ α τ α ρ α∂ +∇⋅ + = − ∇ +∂
G G G GG  (2) 
 
where the indices k refers to the phase (L for liquid, SB for small bubbles and BB for big 
bubbles). The volume fraction of each phase is denoted by α and U ui vj wk= + + GG G G  is the 
velocity of phase k, kτ represents the stress tensor of phase k and will be discussed later. kM
G
 
represents the inter-phase momentum exchange between phase k and all other phases, and 
accounts for the interface forces. In this study, only the drag, lift and virtual mass forces are 
accounted for. For each phase, the inter-phase momentum exchange term, kM
G
, is represented 
as follows: 
 
 , , , , , ,SB D L SB L L SB VM L SBM F F F= − − −
G G G G
 (3) 
 
 , , , , , ,BB D L BB L L BB VM L BBM F F F= − − −
G G G G
 (4) 
 
 L SB BBM M M= − −
G G G
 (5) 
 
DF
G
, LF
G
and VMF
G
 represent forces due to drag, lift and virtual mass, respectively. The forces are 
respectively calculated from the following expressions: 
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CVM is a tensor (Tomiyama, 2004), which consists of non-zero entries on the main diagonal, 
representing the different virtual mass coefficients in the horizontal (CVM,h) and vertical 
(CVM,v) directions.  
For phase k, the stress tensor kτ  is given by: 
 
 2( ( ) )
3
T
k eff k k kU U I Uτ μ= − ∇ + ∇ − ∇ ⋅
G G G  (9) 
 
Where the liquid phase effective viscosity, μL,eff is composed of two contributions: the 
molecular viscosity μL,Lam and the shear-induced turbulent viscosity μL,Tur: 
 
 , , ,L eff L Lam L Turμ μ μ= +   (10) 
 
In this paper, the extended multiphase k-ε turbulence model used by Pfleger and Becker 
(2001) is employed to evaluate the liquid phase shear-induced turbulent viscosity: 
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The conservation equations for k and ε are respectively given by: 
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with Ck = Cε1 = 1.44, Cε  = Cε2  = 1.92, Cμ  = 0.09, σk  = 1.0 and σε  = 1.217. 
The bubble-induced turbulence is implicitly accounted for through the source terms Sk,BIT in 
Eq.12 and Sε,BIT in Eq.13. These terms are calculated from: 
 
 , | | | | | | | |k BIT L k SB SB L L k BB BB LS C M U U C M U Uα α= ⋅ − + ⋅ −
G G G G G G
  (14) 
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L
S C S
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Note that εL/kL represents the time scale for the dissipation of the bubble-induced turbulence. 
Following Jakobsen et al. (1997), the effective viscosity of the dispersed gas phase is 
calculated as follows: 
 
 
, ,
G
G eff eff L
L
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Table 1:  Simulation and case parameters. 
Case CD,SB CD,BB CL,SB CL,BB VSup (cm/s) αBB,in αSB,in 
1 1.071 8/3 0.3 -0.3 4.5 0.3 0.7 
2 1.071/(αL)0.5 8/3(αL)2 CL,SB (αG) CL,BB (αG) 4.5 0.3 0.7 
3 1.071 8/3 0.3 -0.3 7.0 0.3 0.7 
4 1.071/(αL,CD)0.5 8/3(αL)2 CL,SB (αG) CL,BB (αG) 7.0 0.1 0.9 
5 1.071/(αL,CD)0.5 8/3(αL)2 CL,SB (αG) CL,BB (αG) 7.0 0.3 0.7 
, ,0.25, 1.53
h v
vm SB vm SBC C= = , , ,0.35, 1.12h vvm BB vm BBC C= = , ρL = 1000 kg/m3, ,   dB,BB = 20 mm,  
 μL = 0.001 kg/(m.s),  σ = 0.073 N/m,  ρG=1.29 kg/m3, dB,SB = 4 mm,  μG = 1.812×10-5 kg/(m.s).  
 
In this study, the interfacial force closure models of Tomiyama (2004) were employed for the 
individual force closures. The bubble aspect ratio was taken from front tracking results of 
Dijkhuizen et al. (2005). The influence of the local gas hold-up on the drag coefficient is in 
accordance to the corrections suggested by Ishii and Zuber (1979). However in case, the 
superficial velocity becomes too high, numerical problems are encountered, and therefore, a 
cutoff is applied in the hold-up correction as αL,CD = max(0.7, αL). The influence of the local 
gas hold-up on the lift coefficients is in accordance with the corrections of Behzadi et al. 
(2004), where CL,SB (αG) = min(0.3, 6.51×10-4×(1-αL)-1.2 ) and CL,BB (αG) = min(-0.3, -
6.51×10-4×(1-αL)-1.2). The inlet velocities of the small bubbles and big bubbles are the same 
as the superficial velocity, that is, VSB,in = VSup , VBB,in = VSup. 
In the simulations, no-slip conditions were used at the lateral walls; a so called ‘Pressure’ 
boundary condition was applied at the outlet. Eqs. (1) and (2) were solved in a transient 
fashion with a fully implicit backward Euler differencing scheme with time steps of 0.001 s 
on a uniform grid system with Δx = Δy = Δz = 0.01 m. The curvature compensated 
convective transport (CCCT) scheme was used for all convective terms in the momentum 
equations. All the presented results are time-averaged quantities. The simulation parameters 
for all test cases are presented in Table 1. 
 
Results and Discussion 
 
First of all, as our paper aims to investigate the feasibility of the extended multiphase k-ε 
turbulence model for the simulation of gas-gas-liquid “three-phase flow” in the commercial 
software package CFX4.4, Case 1 and 2 listed in Table 1 were implemented in CFX-4.4. 
Figure 3 shows the instantaneous velocity fields for all three phases in the plane of z/W = 
0.50 for each of these cases. For the liquid phase, the volume fraction was plotted in grey 
scale with velocity fields. Clearly, it is observed here that the predicted gas-gas-liquid three 
phase flow pattern is dynamic. For case 2, it is further seen that when the influence of gas 
holdup on the interfacial coefficients (CD, CL) is taken into account, a more dynamic solution 
is produced. When the individual bubble interfacial coefficients are used without correction, 
only the flow in the bottom part of the column is dynamic, the remainder of the column turns 
out to be stable, whereas in Case 2, the liquid phase velocity varies throughout the column 
with most of the liquid phase down flow prevailing near the wall. Figure 4 gives the velocity 
fluctuation profiles of the liquid phase in both horizontal and vertical directions. The velocity 
fluctuations of the liquid phase are very small, which is caused by two factors: first of all, as 
the entire bottom plane is used as the inlet sparger, a homogeneous flow pattern is obtained; 
the other reason is that due to the high gas hold-up (which will be illustrated later), bubbles 
have limited space to rise, and consequently, the liquid agitation is less pronounced. The 
vertical velocity profiles of the small and big bubbles are presented in Figure 5. It can be 
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clearly seen that when the gas hold-up correction is accounted for in the interfacial 
coefficients, both bubble phases travel up faster near the column centre.  
In the remaining part of this paper we will focus on exploring the effects of the superficial 
velocity and inlet volume fraction on fluid flow patterns. (Cases 3, 4 and 5 in Table 1). First 
of all, the effect of the superficial velocity on the flow field was studied, where the gas hold-
up corrections were not accounted for in the interfacial closures. Figure 6 compares the time-
averaged vertical velocity profiles of the two dispersed phases. It is found that the vertical 
velocity of both dispersed phases possesses a uniform distribution across the column, which 
indicates that there are no strong velocity fluctuations in the column. As the superficial 
velocity increases, the total gas phase (dispersed phase) volume fraction increases, both the 
small and big bubble phases, cannot freely move upwards, so with increasing of the 
superficial velocity, the vertical velocity of both dispersed phases drops, which is displayed 
in Figure 6. 
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Figure 3: Snapshots of the instantaneous velocity fields. Time step is 10 s. 
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Figure 4: Comparison of the velocity fluctuations of the liquid phase obtained from different 
interfacial closures. See Table 1. 
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(a)                                                                  (b) 
Figure 5: Comparison of the mean dispersed phases’ vertical velocity obtained from 
different interfacial coefficients: (a): small bubble phase; (b): big bubble phase. See Table 1. 
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(a)                                                                   (b) 
Figure 6: Comparison of the mean dispersed phases’ vertical velocity obtained from 
different superficial velocities. The corresponding cases are Case 1 and 3: (a): small bubble 
phase; (b): big bubble phase. 
 
As expected, the total gas hold-up increases with increasing superficial velocity (Figure 7). 
Furthermore, it was found that the small bubble phase mainly accounts for the total gas hold-
up. This is caused by its lower slip velocity.  Figure 8 provides the comparison of the liquid 
phase velocity fluctuations in vertical and horizontal directions. Clearly, it can be concluded 
that the dynamics of the flow increases with increasing of the superficial velocity. 
As mentioned earlier, for simulations at elevated gas hold-up, it is desirable to introduce the 
effects of the gas hold-up on the interfacial force closures. The original drag coefficient 
correction suggested by Ishii and Zuber (1979) is plotted in Figure 9a. But unfortunately,  
when this original correction was used in the simulation of small bubble–big bubble–liquid 
three-phase heterogeneous flow at high superficial velocity (Vsup = 7.0 cm/s), it introduces 
some numerical convergence problems: the small bubble phase mainly accounts for the total 
gas hold-up, its drag coefficient correction factor is (αL)-0.5, so with increasing gas hold-up, 
CD increases; yielding a higher gas hold-up. This leads to divergence, and produces 
numerical problems. Hence, it was decided to introduce a cut-off, that is, the applicable range 
of the total gas hold-up correction should have an upper limit. After several numerical 
experiments, it was found that αG,max = 0.30 is suitable and no numerical problems were 
experienced, so it is adopted in the remaining part of this work. The revised drag correction is 
plotted in Figure 9b. 
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(a)                                                                                     (b) 
Figure 7: Comparison of the mean phase volume fraction obtained from different superficial 
velocities: (a): total gas phase volume fraction; (b): small bubble phase volume fraction. 
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(a)                                                                     (b) 
Figure 8: Comparison of the time-average liquid phase velocity fluctuations in vertical and 
horizontal directions. Different superficial velocities were used: (a): vertical direction; (b): 
horizontal direction. 
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(a)                                                                                (b) 
Figure 9: Drag coefficient correction with respect to total gas hold-up, without (a) and with 
(b) cut–off. 
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Cases 4 and 5 were employed to investigate the influence of the big bubble phase on the flow 
field. As shown in Figure 10, it is observed that with increasing of the inlet volume fraction 
of the big bubbles, both the small and big bubble phase vertical velocity becomes parabolic, 
which means that all bubbles (small and big) rise faster in the column centre. Consequently, 
as found in the comparison of the vertical liquid phase velocity, the liquid phase moves up 
faster in the column centre when the inlet big bubble volume fraction is higher as can be seen 
from Figure 11a. In a further comparison, it is seen that the liquid phase velocity fluctuations 
increase with increasing big bubble phase inlet volume fraction. It can be deduced from 
Figure 10 and 11 that the big bubble phase tends to predominantly agitate the liquid phase. 
Figure 12 shows a comparison of the total gas holdup and small bubble phase volume 
fraction obtained from simulations with different inlet volume fractions of the big bubbles. 
First of all, it can be deduced from Figure 12 that the small bubble phase mainly accounts for 
the total gas hold-up (more than 85% for both cases), so when more small bubbles are 
injected into the column, both the small bubble phase and the total gas hold-up increase as 
shown in Figure 12 and 13. Moreover, it is found in Figure 12 and 13 that both dispersed 
phases are almost homogeneously distributed in both the horizontal and vertical directions.  
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Figure 10: Comparison of the vertical velocities of both bubble phases. Here different inlet 
volume fractions of the big bubbles are used. Test cases 4 and 5 are employed here. See 
Table 1. 
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(a)                                                                 (b) 
Figure 11: Comparison of the time-averaged liquid phase velocity (a) and velocity 
fluctuations (b) in vertical direction obtained from simulations with different inlet phase 
fractions of the big bubbles. The corresponding cases are Case 4 and 5.  
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Figure 12: Comparison of the mean phase volume fraction obtained from simulations with 
different inlet phase fraction of the big bubbles. Test Cases 4 and 5 are shown: (a): total gas 
phase volume fraction and (b): small bubble phase volume fraction. 
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Figure 13: Time-averaged gas hold-up profiles along the vertical direction obtained from 
simulations with different inlet volume fractions of the big bubbles.  The corresponding cases 
are Case 4 and 5. 
 
 
Conclusions 
 
Numerical simulations of the gas-gas-liquid three-phase (small bubble-big bubble-liquid) 
flow in a square cross-sectioned bubble column were carried out with the use of the 
commercial software package CFX-4.4. The extended multiphase k - ε turbulence model 
(Pfleger and Becker, 2001) was adopted to model the shear-induced turbulent viscosity in the 
liquid phase, implicitly accounting for the bubble-induced turbulence. The three-phase 
approach of Krishna et al. (2000) was used in the Euler-Euler frame to numerically simulate 
the gas-liquid heterogeneous flow in the bubble columns. The obtained results suggest that 
the extended multiphase k - ε turbulence model used by Pfleger and Becker (2001) in gas-
liquid flow is suitable for the numerical study of small bubble–big bubble -liquid three-phase 
flow.  In the simulation of gas-gas-liquid flow, a more dynamic solution can be obtained 
when the correction for the total gas hold-up is accounted for in the interfacial coefficients. 
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The interfacial force corrections have hardly any influence on the total gas hold-up when the 
superficial velocity is high (Vsup > 4.5 cm/s), the superficial velocity greatly affects the total 
gas hold-up. It is also found that with increasing of the superficial velocity, the total gas hold-
up as well as the dynamics of the flow increases.  It is observed that, when the superficial 
velocity is kept constant, the total gas holdup decreases with the inlet fraction of the big 
bubble increases, while the flow dynamics increases with increasing inlet fraction of these 
bubbles. It is the small bubble phase that mainly accounts for the total gas holdup while the 
big bubble phase agitates the liquid phase.  The small bubble phase mainly accounts for the 
total gas hold-up, not only because of its high inlet volume fraction, but also due to its lower 
slip velocity. When the gas holdup is accounted for in the interfacial coefficients in 
heterogeneous flows at high superficial velocities, it is suggested to introduce a cut-off for 
the small bubble drag correction at αg = 30%.  The slip velocity of the big bubbles 
dramatically increases with the gas holdup when the interfacial coefficients are corrected 
with the local total gas holdup. As this work merely presents first results of the applied gas-
gas-liquid model, further validation is needed, which will be conducted in the near future. 
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